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Abstract 

We introduce the notions of weakly *-concave and weakly naturally quasi- 
concave correspondence and prove fixed point theorems and continuous se- 
lection theorems for these kind of correspondences. As applications in the 
game theory, by using a tehnique based on a continuous selection, we estab- 
lish new existence results for the equilibrium of the abstract economies. The 
constraint correspondences are weakly naturally quasi- concave. We show 
that the equilibrium exists without continuity assumptions. 
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1. Introduction 

It is known that the theory of correspondences has very widely devel- 
oped and produced many applications, especially during the last few decades. 
Most of these applications concern fixed point theory and game theory. The 
fixed point theorems are closely connected with convexity. A considerable 
number of papers devotes to correspondences on nonconvex and noncompact 
domains (see e.g. [16], [17], [18]) or to correspondences without convex values 
and continuity ([5]). 

The aim of this paper is to introduce the notions of weakly *-concave and 
weakly naturally quasi-concave correspondence and prove fixed point theo- 
rems and continuous selection theorems for these kind of correspondences. 
We also define the correspondences with WNQS and e-WNQS property. 
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The applications concern the equilibrium theory: we establish new ex- 
istence results for the equilibrium of the abstract economies. The con- 
straint correspondences are weakly concave-like or have WNQS, respectively 
e-WNQS property. 

For the reader's convenience, we review the main results in the equilibrium 
theory, emphasizing that most authors have studied the existence of equilib- 
rium for abstract economies with preferences represented as correspondences 
which have continuity properties. We mention here the results obtained by 
W. Shafer and H. Sonnenschein [14], which concern economies with finite di- 
mensional commodity space and preference correspondences having an open 
graph. N. C. Yannelis and N. D. Prahbakar [21] used selection theorems and 
fixed-point theorems for correspondences with open lower sections defined 
on infinite dimensional strategy spaces. Some authors developed the theory 
of continuous selections of correspondences and gave numerous applications 
in game theory. Michael's selection theorem [11] is well-known and basic in 
many applications. In [3,4], F. Browder firstly used a continuous selection 
theorem to prove Fan-Browder fixed point theorem. Later, N. C. Yannelis 
and N. D. Prabhakar [21], H. Ben-El-Mechaiekh [1], X. Ding, W. Kim and 
K.Tan [6], C.Horvath [9], T. Husain and E. Taradfar [10], S.Park [12], [13], 
X. Wu [19], X. Wu and S. Shen [20], Z. Yu and L. Lin [22] and many others 
established several continuous selection theorems with applications. 

In this paper, we show that an equilibrium for an abstract economy exists 
without continuity assumptions. By using a tehnique based on a continuous 
selection, we prove the new equilibrium existence theorem for an abstract 
economy. 

The paper is organized in the following way: Section 2 contains prelimi- 
naries and notations. The fixed point and the selection theorem are presented 
in Section 3. The equilibrium theorems are stated in Section 4. 

2. PRELIMINARIES AND NOTATIONS 

Throughout this paper, we shall use the following notations and defini- 
tions: 

Let A be a subset of a topological space X. 

1. 2 A denotes the family of all subsets of A. 

2. cl A denotes the closure of A in X . 

3. If A is a subset of a vector space, coA denotes the convex hull of A. 
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4. If F, T : A — > 2 X are correspondences, then coT, cl T, T n F : A — > 2 X 
are correspondences defined by (coT)(x) =coT(x), (clT)(x) —c\T(x) and 
(T fl F)(x) = T(x) fl -F(x) for each x G A, respectively. 

5. The graph of T : X ->■ 2 Y is the set Gr(T) = {(x,y) G X x y | y G 
T(x)} 

6. The correspondence T is defined by T(x) = {y G Y : (x, y) Gcl^xyGrT} 
(the set clxxyGr(T) is called the adherence of the graph of T). 

It is easy to see that c\T(x) C T(x) for each x G X. 

Lemma 1. (see [23]) Let X be a topological space, Y be a non-empty subset 
of a topological vector space E, fl be a base of the neighborhoods of in E and 
A:X^2 Y .For each V efi, let A v : X ->■ 2 y be defined by A v (x) = (A(x) + 
V) fl y for each x G X. IfxEX and y <E Y are such that y G rVe/;Ay(a;), 
t/ien y G 

Definition 1. Let X , Y be topological spaces and T : X — > 2 Y be a corre- 
spondence 

1. T is said to be upper semicontinuous if for each x £ X and each open 
set y in y with T(x) C V, there exists an open neighborhood U of a; in X 
such that T{y) C F for each y E U. 

2. T is said to be /ower semicontinuous if for each xG X and each open 
set y in y with T(x) fl V 7^ 0, there exists an open neighborhood U of x in 
X such that T(y) n V 7^ for each y E U. 

3. T is said to have open /ower sections if T _1 (u) := {re G X : y G T(x)} 
is open in X for each y EY. 

Lemma 2. (see [24]) -Let X be a topological space, Y be a topological linear 
space, and let A : X — > 2 Y be an upper semicontinuous correspondence with 
compact values. Assume that the sets C C Y and K C Y are closed and 
respectively compact. Then T : X — > 2 Y defined by T(x) = (A(x) + C) fl K 
for all x G X zs upper semicontinuous. 

We present the following types of generalized convex functions and cor- 
respondences. 
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Definition 2. (see [15]) Let X be a convex set in a real vector space, and 
let Z be an ordered t.v.s, with a pointed convex cone C. A vector-valued 
f : X — >■ Z is said to be natural quasi C— convex on X if f(Xx\ + (1 — 
X)x2) &co{f(xi),f(x 2 )} — C for every Xi,x 2 G X and A G [0, 1]. This con- 
dition is equivalent with the following condition: there exists /i G [0, 1] such 
that f(Xx 1 + (1 — X)x 2 ) <c nf{ x i) + (1 ~/ i )/(a ; 2), where x < c y y — x G C. 

A vector- valued function f is said to be natural quasi C— concave on X if 
— / is natural quasi C— convex on X. 

Definition 3. (see [26]) Let E\, E 2 and Z be real Hausdorff topological vec- 
tor spaces, C C Z be a closed convex pointed cone with intS ^ 0; let X be a 
nonempty convex subset of E\, T : X — > 2 Z be a correspondence. T is said 
to be naturally C-quasi-concave on X , if for any X\,x 2 G X and X G [0, 1], 
co(T(x 1 ),T(x 2 )) C T(X Xl + (1 - X)x 2 ) -C. 

Let A n _! = |(Ai, A 2 , A n ) G R n : f^Xi — 1 and Aj ^ 0,i = 1,2, 
be the standard (n-l)-dimensional simplex in M. n . 

Definition 4. (see [5]) Let X be a non-empty convex subset of a topological 
vector space E and Y be a non-empty subset of E. The correspondence 
T : X — > 2 Y is said to have weakly convex graph (in short, it is a WCG 
correspondence) if for each finite set {x 1 ,x 2 , ...,x n } C X, there exists y { G 
T(xi), (i = 1, 2, n) such that 

(1.1) co({(x 1 ,y 1 ),(x 2 ,y 2 ),...,(x n ,y n )}) cGr(T) 

The relation (1.1) is equivalent to 

(1.2) jrX iyi G TCZXiXi) (V(Ai, A 2 , A n ) G A n ^). 

i=l i=l 

We introduce the concept of weakly naturally quasi-concave correspon- 
dence. 
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Definition 5. Let X be a nonempty convex subset of a topological vector 
space E and Y be a nonempty subset of a topological vector space F. The 
correspondence T : X — > 2 Y is said to be weakly naturally quasi-concave 
(WNQ) if for each n and for each finite set {xi, x 2 , x n } C X, there exists 
Vi G T(xi), (i = 1, 2, n) and g = (g x , g 2 , g n ) : A n _i A n _i a function 
with gi continuous, <?i(l) = 1 and (7i(0) = for each i = 1,2, ...,n, such that 

n n 

for every (X l} A 2 , A n ) G A n _ 1; there exists y = Y,9i{\)Vi e T(J2\xi)- 

i=i i=i 

Remark 1. // gi{\) = K for each i £ (1,2, ...,n) and (Ai, A 2 , A n ) G 
A„_i, we get a correspondence with weakly convex graph, as it is defined by 
Ding and He Yiran in [5]. In the same time, the weakly naturally quasi- 
concavity is a weakening of the notion of naturally C- quasi- concavity with 
C = {0}. 

Remark 2. If T is a single valued mapping, then it must be natural quasi 
C -concave for C = {0}. 

f [0,2] if xe [0,2); 

Example 1. LetT : [0,4] ->■ 2^ 2 ^ be defined byT(x) = I [-2,0] if x = 2; 

( (0,2] i/xe (2,4]. 

T is neither upper semicontinuous, nor lower semicontinuous in 2. T also 
has not weakly convex graph, since if we consider n — 2, x\ — 1 and x 2 = 3, 
we have that co{(l,yi), (3,y 2 )} ^GrT for every y 1 G T(x 1 ),y 2 G T(x 2 ). 

We shall prove that T is a weakly naturally quasi-concave correspondence. 

1) Let's consider first n = 2. 

a) If Xi,x 2 G [0,2) and Xi,x 2 G (2,4], there exists yi = 2 G T(xi), 
V2 = 2E 

T(x 2 ) and gi(Xi) — Aj, % — 1,2 such that for each (Ai,A 2 ) with the 
property 

2 

that Ai > 0, A 2 > 0, Ai + A 2 = 1, there exists y = J2gi(\)yi G 

i=l 

2 

i=i 

b) If Xi G [0,2) and x 2 G (2,4], there exists A^ 7^ such that \* 1 x 1 + 

{i-K)x 2 = 
= 2. 
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Let's consider g^ : [0, 1] — > [0, 1] continuous functions such that <?j(l) = 1, 
gi(0) = for each % — 1, 2 and gi(Ai) + g 2 (X 2 ) = 1 if Ai + A 2 = 1, 
defined by 
,. . f £A, if A! 6 [0, At); , 



fi , 2(A 2 ) 



if A 2 e[0,l-A*]; 

1 — y» + ^»A 2 if A 2 g (1-AJ,1]. 
There exists y\ — and 1/2 = 2 such that 

bl) for Ai G [0, A*) and A 2 = 1 — Ai, x — X±xi + X 2 x 2 G (2, x 2 ], then 
T(x) = (0, 2] and y = gi(Xi)yi + g 2 (X 2 )y 2 = -£*Xm + (1 - x» Ai)y 2 = 
(1 - ^Ai)2 G (0, 2] = T(AiXi + X 2 x 2 ); 

b2) for Ai G (A*, 1], and X 2 — 1 — Xi, x — X1X1 + X 2 x 2 G [xi, 2), then 
TO) = [0, 2] and y = g^X^ + g 2 (X 2 )y 2 = 1x0 + 0x2 = 0g 
G T(Aix 1 + A2X2); 

b3) If Ai = A*, A 2 = 1 - A*, x = A1X1 + A2X2 = 2, then T(x) = [-2, 0] 
and y = g 1 (X 1 )y 1 + g 2 {X 2 )y 2 = 1x0 + 0x2 = 06 T(2); 

c) If xi G [0, 2) and x 2 = 2, there exists yi = 2, y 2 = and the 
continuous 

functions <?j : [0, 1] — > [0, 1] with ^(1) = 1, ^(0) = for each % — 1,2 

and 

<?i(Ai) + g 2 {X 2 ) = 1 if Ai + A 2 = 1 such that 

cl) for Ai G (0, 1] and A 2 = 1 — Ai, x — X±xi + X 2 x 2 G [xi,x 2 ), then 
T(x) = [-2, 0] and y = #i(Ai)yi + # 2 (A 2 )y 2 = ffi(Ai) x 2 + # 2 (A 2 ) x 
= ji(Ai)x2er(i); 

c2) for Ai = and A 2 = 1, x = 2, then T(2) = [-2.0] and 
y = gi (0)yi + 52(1)2/2 = x 2 + 1 x = G T(2); 

d) If x± — 2 and rr 2 G (2,4], there exists yi = 0, y 2 = 2 and the 
continuous 

functions gi : [0, 1] — > [0, 1] with ^(1) = 1, ^(0) = for each % — 1,2 

and 

fl'i(Ai) + <?2(A 2 ) = 1 if Ai + A 2 = 1 such that 

dl) for Ai = 1 and A 2 = 0, x = 2, then T(2) = [-2.0] and 
y = < ?1 (l)y 1 + < ?2 (0)y 2 = lx0 + 0x2 = 0GT(2); 
d2) for Ai G [0, 1) and X 2 — 1 — X±, x — X±xi + A 2 rr 2 G (xi,x 2 ], then 
T{x) = (0, 2] and y = g 1 (X 1 )y 1 + g 2 (X 2 )y 2 = g 1 (X 1 ) x + g 2 {X 2 ) x 2 
= 3 2 (A 2 ) x2 G (0,2] = T(x). 
2) The case n > 2 can be reduced to the case 1). 
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Now, we introduce the following definitions. 

Let / be an index set. For each i <E I, let Xj be a non-empty convex 

subset of a topological linear space Ei and denote X = Yl^i- 

iei 

Definition 6. Let Ki be a subset of X. The correspondence Ai : X — >■ 2 Xi is 

said to have the WNQS-property on Ki, if there is a weakly naturally quasi- 
concave correspondence Ti : Ki — > 2 Xi such that Xi ^ T^x) andTj(x) C Aj(x) 
/or a// x E Ki. 

Definition 7. Lei X; be a subset of X. The correspondence Ai : X — >■ 2 Xi 
said to nave £/ie e-WNQS -property on Ki if for each convex neighborhood 
V of in Xi, there is a weakly naturally quasi-concave correspondence Tj : 
Ki ->■ 2 X * snc/i inai x, £ Tf(x) and Tf(x) C A;(x) + V /or a// ieif r 

Definition 8. Let X be a nonempty convex subset of a topological vector 
space E and Y be a nonempty subset of a topological vector space F . The 
correspondence T : X — > 2 Y is said to be weakly *-concave if for each n and 
for each finite set {xi, X2, x n } C X , there exists yi G T{xi), (i = 1, 2, n), 

n 

such that for every (Ai, A2, A n ) G A n _i, Yl^iVi c / or eac ^ x G X. 

i=l 

To prove our theorems of equilibrium existence, we need the following: 

Theorem 3. (Wu's fixed point theorem [19]) Let I be an index set. For each 
% G /, let Xi be a nonempty convex subset of a Hausdorff locally convex topo- 
logical vector space Ei, Di a non-empty compact metrizable subset of Xi and 

Si,Ti : X := Y\Xi — > 2 Dt two correspondences with the following conditions: 
iei 

(i) for each x G X, clcoSi(x) C Tj(x) and Si(x) 7^ 0, 

(ii) Si is lower semicontinuous. 

Then, there exists a point x = Yl x i G -D = Y\Di such that Xj G Tj(x) for 

iei iei 

each i G 1. 

The extension of Kakutani's theorem on locally convex spaces is due to 
Ky Fan. 
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Theorem 4. (Ky-Fan, [7]) Let Y be a locally convex space, X C Y be a 
compact and convex subs et andT : X ->■ 2 X be an upper semicontinuous 
correspondence with non-empty compact convex values. Then, T has a fixed 
point. 

For the case when X is not compact, Himmelberg got the following result. 

Theorem 5. (Himmelberg, [8]) Let X be a non-empty convex subset of a 
separated locally convex space Y . Let T : X — > 2 X be an upper semicontinu- 
ous correspondence such that T{x) is closed and convex for each x G X , and 
T(X) is contained in a compact subset C of X . Then, T has a fixed point. 

3. FIXED POINT THEOREMS 

We formulate the following fixed point theorem for weakly naturally 
quasi-concave correspondences. 

Theorem 6. (selection theorem) Let Y be a non-empty subset of a topolog- 
ical vector space E and K be a (n — 1)- dimensional simplex in a topological 
vector space F. Let T : K — > 2 Y be a weakly naturally quasi-concave corre- 
spondence. Then, T has a continuous selection on K . 

Proof. Let a 1: a 2 , ...,a n be the vertices of K. Since T is weakly naturally 
quasi-concave, there exist hi G T(aj), (i = 1,2, ...,n) and g = (<?i,<?2, ■■■■,9n) '■ 
_i — > A n _x a function with ^ continuous, <?j(l) = 1 and <?i(0) = for 
each i = l,2,...n, such that for every (Ai, A2, A n ) G A n _i, there exists 

n n 

y e T(J2^ a i) with y = Efi'i(^)^- 
1=1 i=i 

Since K is a (n — l)-dimensional simplex with the vertices a±, a n , there 
exists unique continuous functions Aj : K — > R, % — 1, 2, ...,n such that for 

n 

each x G if, we have (Ai(x), A2(x), A„(x)) G A n _i and x = J2^i( x ) a i- 

i=i 

Let's define / : if ->■ 2 Y by 
/(a^) = bi(i = 1, ...,n) and 

ra n 

/(EAiOi) = £<7i(Ai)&i G 

i=l i=l 

We show that / is continuous. 
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Let (x m ) m€ N be a sequence which converges to x G K, where x m = 

n n 

Yl,\{. x m) a i and x = ^2Xi(x )ai. By the continuity of Aj, it follows that 

i=i i=i 

for each i = 1,2, ...,n, Aj(x m ) — >■ Aj(x ) as m — > oo. Since gi,...,g n are 
continuous, we have gi(\i(x m )) — >■ <?i(Aj(x )) as m — > oo. Hence f(x m ) — >■ 
/(xo) as m oo, i.e. / is continuous. ■ 

Theorem 7. Lei 7 k « non-empty subset of a topological vector space E 
and K be a (n — 1)- dimensional simplex in E. Let T : if — > 2 Y be an weakly 
naturally quasi-concave correspondence and s : Y ^ K be a continuous 
function. Then, there exists x* G K such that x* G s o T(x*). 

Proof. By Theorem 6, T has a continuous selection theorem on K. Since 
s : Y — > K is continuous, we obtain that s o / : K — > K is continuous. 
By Brouwer's fixed point theorem, there exists a point x* & K such that 
x* = s o /(x*) and then, i*Gso T(x*). ■ 

Theorem 8. (selection theorem). Let Y be a non-empty subset of a topolog- 
ical vector space E and K be a (n — 1)- dimensional simplex in a topological 
vector space F. Let T : K — > 2 Y be a weakly *-concave correspondence. 
Then, T has a continuous selection on K . 

Proof. Let a\, a 2 , a n be the vertices of K. Since T is weakly *-concave, 
there exist bi G T(aj), (i = 1,2, ...,n) such that for every (A 15 A 2 , A n ) G 

n 

A n _i, C ^( x )> f° r eac h X G X. 

i=l 

Since if is a (n — 1) -dimensional simplex with the vertices a±, a n , there 
exists unique continuous functions Aj : if — >■ R, i = 1, 2, ...,n such that for 

each x G if , we have (Ai(x), A 2 (x), A„(x)) G A n _! and a; = ^Aj(x)aj. 

i=i 

Let's define / : if -> 2 y by 
/(aj) = bi (i = 1, ...,n) and 

n n 

= £A^ G T(x). 

i=l i=l 

We show that / is continuous. 

Let (x m ) me N be a sequence which converges to xo G if where x m = 

n n 

J2^i(x m )ai and xo = ^Aj(xo)aj. By the continuity of Aj, it follows that 

i=i i=i 
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for each i = 1,2, ...,n, Aj(x m ) — > Xi(x ) as m — > oo. Hence we must have 
f(x m ) f( x o) as m — )• oo, i.e. / is continuous. ■ 

Theorem 9. Let Y be a non-empty subset of a topological vector space E 
and K be a (n — 1)- dimensional simplex in E. Let T : K — > 2 Y be a weakly 
*- concave correspondence and s : Y — )• K be a continuous function. Then, 
there exists x* G K such that x* G s o T(x*). 

Proof. By Theorem 8, T has a continuous selection theorem on K. Since 
s : Y — > K is continuous, we obtain that s o / : X — > K is continuous. 
By Brouwer's fixed point theorem, there exists a point G K such that 
x* = s o /(x*) and then, x* G s o T(x*). ■ 

4. EQUILIBRIUM THEOREMS 

First, we present the model of an abstract economy and the definition of 
an equilibrium. 

Let J be a non-empty set (the set of agents). For each i G /, let Xi be a 
non-empty topological vector space representing the set of actions and define 
X := Y[Xi, let Ai, B { : X — > 2 Xi be the constraint correspondences and 

the preference correspondence. 

Definition 9. The family T = (X^, A^, P^, Bi) ie i is said to be an abstract 
economy. 

Definition 10. An equilibrium for T is defined as a point x G X such that 
for each i G /, x~i G B^x) and A^x, ) D Pi(x) — 0. 

Remark 3. When for each % G /, A(^) = Bi(x) for all x G X, £/ws abstract 
economy model coincides with the classical one introduced by Borglin and 
Keiding in [2]. If in addition, Bi(x) =clx i B i i (x) for each x G X, which is 
the case if Bi has a closed graph in X x Xi, the definition of an equilibrium 
coincides with the one used by Yannelis and Prabhakar [21]. 
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To prove the following theorems we use the selection theorem mentioned 
in Section 3. We show the existence of equilibrium for an abstract econ- 
omy without assuming the continuity of the constraint and the preference 
correspondences A* and p. 

First, we prove a new equilibrium existence theorem for a noncompact 
abstract economy with constraint and preference correspondences A { and p, 
which have the property that their intersection n Pj contains a WNQ 
selector on the domain Wi of Ai n Pi and Wi must be a simplex. To find the 
equilibrium point, we use Wu's fixed point theorem [19]. 

Since the constraint correspondence Bi is lower semicontinuous for each 
i £ I, the next theorem can be compared with Theorem 5 of Wu [19]. The 
proofs of these results are based on similar methods. 



Theorem 10. Let F = (JQ, A { , P i? Bi) ieI be an abstract economy, where I 
is a (possibly uncountable) set of agents such that for each i G / : 

(1) Xi is a non-empty convex set in a locally convex space Ei and there 
exists a compact subset of Xi containing all the values of the correspon- 
dences Ai, Pi and Bi such that D = F\ Di is metrizable; 

iei 

(2) clPj is lower semicontinuous, has non-empty convex values and for 
each x G X, Ai(x) C Bi(x); 

(3) Wi = {x G X I (Ai fl p) (x) 7^ 0} is a (rij — 1)- dimensional simplex 
in X such that Wi CcoP; 

(4) there exists a weakly naturally quasi- concave correspondence Si : Wi — > 
2 Di such that Si(x) C (A n P) (x) for each x G W^; 

(5) for each x G Wi, Xi (Ai fl Pi)(x). 

Then, there exists an equilibrium point x G D for F , i.e., for each i & I, 
Xi GclPj(x) and A^x) n P(x) = 0. 

Proof. Let be % G I. From the assumption (4) and the selection theorem 
(Theorem 6), it follows that there exists a continuous function fi'.Wi^r Di 
such that for each x G Wi, fi(x) G Si(x) C A { (x) fl Pi(x) C Bi(x). 

Define the correspondence T, : X -+ 2 D \ by T t (x) := \ ^ X )\ ^ % ^' 

Tj is lower semicontinuous on X. 
Let V be a closed subset of Xj, then 

[/ := {x G X | Ti(x) C V} ={x G Wi | T, t (x) C V} U {x E X \Wi \ 
Ti(x) C V} 
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={x e Wt | fi(x) e V} u {x e X | dB^x) c V} 
=(/f W n Wi) u {x e x I cl^(x) c V} . 

[/ is a closed set, because Wi is closed, fi is a continuous function on 

mtxKi and the set {x E X \ c\Bi(x) C V} is closed since cLBj is l.s.c. Let 

D — Y[ Di. Then by Tychonoff's Theorem, D is compact in the convex set 
iei 

X. 

By Theorem 3 (Wu's fixed-point theorem), applied for the correspon- 
dences Si = Ti and T { : X — >■ 2 D % there exists x £ D such that for each 
i £ I , x~i E Ti(x). li x & Wi for some i & I, then Xj = which is a 

contradiction. 

Therefore, x ^ Wi, and hence, (Ai fl -Pj)(x) = 0. Also, for each i G we 
have G Tj(x), and then, 5"j Gcl-Bj(aJ). ■ 

Remark 4. In £/iis theorem, the correspondences Ai fl Pi, i G /, may not 
verify continuity assumptions and may not have convex or compact values. 

Remark 5. In assumption (3), Wi must be a proper subset of X. In fact, if 
Wi = Xi, then, by applying Himmelberg's fixed point theorem ([8]) to Ylfi( x )i 

where fi is a continuous selection of Si C Ai n Pi, we can get a fixed point 

x G i" 1 which contradicts assumption (5). 

iei 

Since a correspondence T : X — > 2 Y having the property that C\{T(x) : 
x G X} is nonempty and convex, is a WNQ correspondence, we obtain the 
following corollary. 

Corollary 11. Let T = (Xi, A^, Pi, Bi) ieI be an abstract economy, where I 
is a (possibly uncountable) set of agents such that for each i G / : 

(1) Xi is a non-empty convex set in a locally convex space Ei and there 
exists a compact subset Di of Xi containing all the values of the correspon- 
dences Ai, Pi and Bi such that D = Y[ Di is metrizable; 

iei 

(2) cl£>j is lower semicontinuous, has non-empty convex values and for 
each x G X, Ai(x) C Bi(x); 

(3) Wi = {x G X I (Ai fl Pi) (x) 7^ 0} is a (n, — 1) -dimensional simplex 
in X such that Wi CcoD; 
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(4) there exists a correspondence Si : Wi — > 2 Di such that Si has the 
property that C\{T(x) : x E X} is nonempty and convex, and Si{x) C 
(Ai fl Pi) (x) for each x E Wf, 

(5) for each x E Wi, Xi (Ai fl Pi)(x). 

Then there exists an equilibrium point x G D for Y , i.e., for each i E I, 
Xi ec\Bi(x) and A^x) fl Pi (x) = 0. 

A correspondence T : X — y 2 Y with convex graph is a WNQ correspon- 
dence, and then we have: 

Corollary 12. Let T = (Xi, Ai, Pi, B>i) ieI be an abstract economy, where I 
is a (possibly uncountable) set of agents such that for each i G / : 

(1) Xi is a non-empty compact convex set in a locally convex space Ef, 

(2) c\E>i is lower semicontinuous, has non-empty convex values and for 
each x & X, Ai(x) C B>i(x); 

(3) Wi = {x G X I (Ai fl Pi) (x) 7^ 0} is a (n, — 1)- dimensional simplex 
in X; 

(4) there exists a correspondence Si : Wi —> 2 Xi with convex graph such 
that Si(x) 

C (Ai n Pi) (x) for each x eWi; 

(5) for each x G Wi, Xi £ (Ai n Pi)(x). 

T/ien i/iere exists an equilibrium point x G X /or T ; i.e., /or eac/i i E I, 
Xi Ec\B>i(x) and A { (x) n Pj(x) = 0. 

For Theorem 13, we use an approximation method, in the meaning that 

we obtain, for each i E I, & continuous selection f^' of (Aj + Vi) fl p, 

where Vi is a convex neighborhood of in X^. For every V = f| V^, we 

ie/ 

obtain an equilibrium point for the associated approximate abstract econ- 
omy Ty = (Xi, A i} Pi, By.)i,zj, i.e., a point x E X such that Ai(x) nPj(x) = 
and afj G Py ; (x), where the correspondence Py : AT ->■ 2 Xl is defined by 
B Vi (x) =c\(B>i(x) + 1^) fl Xj for each x E X and for each i E I. Finally, 
we use Lemma 1 to get an equilibrium point for r in X. The compactness 
assumption for Xi is essential in the proof. 

Examples of results which use an approximation method are Theorem 
3.1 pag 37 or Theorem 1.2, pag. 41 in [23]. This method is usually used in 
relation with abstract economies which have lower semicontinuous constraint 
correspondences. 
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Theorem 13. Let F = (JQ, A i} P i} Bi) ie j be an abstract economy, where I 
is a (possibly uncountable) set of agents such that for each i <E I : 

(1) Xi is a non-empty compact convex set in a locally convex space E,i; 

(2) c\Bi is upper semicontinuous, has non-empty convex values and for 
each x G X, Ai(x) C Bi(x); 

(3) the set Wi := {x G X / (A, fl Pi) (x) ^ 0} is non-empty, open and 
Ki =c\Wi is a {rii — 1) -dimensional simplex in X ; 

(4) For each convex neighbourhood V of in Xi, (Ai + V)nPi : Ki — > 2 Xl 
is a weakly naturally quasi-concave correspondence; 

(5) for each x G Ki, xi Pi(x). 

Then there exists an equilibrium point x G X for T, i.e., for each i E I, 
Xi G Bi(x) and Ai(x) fl Pi(x) = 0. 

Proof. For each i G /, let Bj denote the family of all open convex neigh- 
borhoods of zero in Ei. Let V = (Vi)i e i G Yl^i- Since (Ai + Vi) fl Pi is a 



weakly concave like correspondence on Ki, then, from the selection theorem 
(Theorem 6), there exists a continuous function /f : Ki — > Xi such that for 
each x & Ki, 

if Or) g (Mtf + vjnPiix) c (A(i) + v f )nx, 

It follows that f^{x) ec\(Bi(x) + Vi) for x G Since X; is com- 
pact, we have that c\Bi(x) is compact for every x G X and cl(-Bj(x) + 
Vi) =cl(S i (a;))+clV; for every V C E t . 

Define the correspondence Tf : X — > 2 Xi , by 



The correspondence By. : X — >■ 2 X % defined by -By.(x) : =cl(.Bj(:r) + V$) H 
Xj is u.s.c. by Lemma 2. Then following the same line as in Theorem 10, 
we can prove that Tf is upper semicontinuous on X and has closed convex 
values. 



T v is an upper semicontinuous correspondence and it also has non-empty 
convex closed values. 

Since X is a compact convex set, by Fan's fixed-point theorem [7], there 
exists xy G X such that xy G T v (xy), i.e., for each i £ I, (xy)i G T^(xy). 

We state that xy G X \ IJintx-Kj. 




if x G mt x K = Wi, 
if x G X \ intx-fQ; 



Define T F : X -> 2 X by T y (:r) := fl^^) for each * e X. 
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If x v emt x K h (x v )i G Tp(x v ) = fi(x v ) G ((Ai(x v ) + n Pi)(x v ) c 
Pi(x~v), which contradicts assumption (5). 

Hence (x v )i ed(Bi(x v ) + Vi) H X { and (A { n Pi)(x v ) = 0, i.e. x v G Q v 
where 

Q v = n ieI {x G X : Xi ed(Bi(x) + Vi) n X t and (A, t n = 0}. 

Since Wj is open, Q v is the intersection of non-empty closed sets, then it 
is non-empty, closed in X. 

We prove that the family {Qv '■ V G Yl$i} has the finite intersection 

iei 

property. 

Let {V (1 \ V^ 2 \ V^} be any finite set of []fii and let V™ = (V^ k) ) ieI: 

iei 

k = 1, n. For each % G I, let VJ = n v/ fc) , then G fijj thus V = (^) ie/ G 

k=l 

n n 

QBj. Clearly Q v C fl <5yw so that fl <2y(fc) 7^ 0- 

Since X is compact and the family {Qy : V G n^*} nas the finite inter- 

iei 

section property, we have that (~){Q V '■ V G Yl&i} Take any x G n{Q v ■ 

iei 

V G n^}) then f° r eacn ^ G / and each Vj G Bj, Gcl(Sj(x) + V*) fl Xj and 

(A n Pi)(x) = 0; but then x~ ed(Bi(x)) by Lemma 1 and (Aj D Pi)(x) = 
for each i G / so that x is an equilibrium point of T in X. ■ 

The last two theorems can be compared with Zheng's theorems 3.1 and 
3.2 in [24] and Zhou's theorems 5 and 6 in [25] where the constraint cor- 
respondences have continuous selections on a closed subset Cj C X which 
contains the set {x G X : (Ai fl Pj) (x) ^ 0} . 

To find the equilibrium point in Theorem 14, we use Wu's fixed point 
theorem for correspondences clPj which are lower semicontinuous and we 
need a non-empty compact metrizable set Di in X^ for each i G I. The 
spaces Xi are not compact. 

Theorem 14. Let F = (Xi, A i: P it Bj) ie i be an abstract economy, where I 
is a (possibly uncountable) set of agents such that for each i G / : 

(1) Xi is a non-empty convex set in a Hausdorff locally convex space Ei 
and there exists a nonempty compact metrizable subset Di of Xi containing 
all values of the correspondences Ai,Pi and B t ; 

(2) clPj is lower semicontinuous with non-empty convex values; 
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(3) there exists a (rij — 1) - dimensional simplex Ki in X and 

Wi : = {x E X I (A n (x) ^ 0} Cint x (Fj); 

(4) clBi has the (WNQS)-property on Ki; 

Then there exists an equilibrium point x E D for Y , i.e., for each i E I, 
Xi EclBfx) and Ai(x) n Pj(x) = 0. 

Proof. Proof. Since clFj has the WNQS property on K, h it follows that 
there exists a weakly concave like correspondence Fj : X — >■ 2 Di such that 
Fj(x) CcLBj(x) and Xj ^ Fj(x) for each x & Ki. 

Ki is a (rij — 1)- dimensional simplex, then, from the selection theorem, 
there exists a continuous function /j : Fj — >■ Di such that fi(x) E Fj(x) for 
each x & Ki. Because Xj ^ Fj(x) for each x G Fj, we have that Xj ^ fi(x) for 
each x E Ki. 

Define the correspondence Tj : X — >■ 2 Di , by Tj(x) := ( ^{t^l' ^ X ^ ^' 

j Cl-Dj(X), II X G -A. 2* 

Tj is lower semicontinuous on X and has closed convex values. 
Let U be a closed subset of Xj, then 

if := {x E X | Tj(x) C C/} ={x E K \ Ti{x) C U} U {x E X \ K \ 
Ti(x) C U} 

={xEK t I fi(x,y)EU}U{xEX\ clFj(x) C [/} 
= ((fi)-\U) n Fj)U.{x G X | cl77,(x) C 17} . 

[/ is a closed set, because Fj is closed, fi is a continuous function on Fj 
and the set {x E X \ cL3j(x) C £/} is closed since cLBj(x) is l.s.c. Then Tj is 
lower semicontinuous on X and has non-empty closed convex values. 

By Theorem 3 (Wu's fixed-point theorem) applied for the correspondences 
Si = Tj and Tj : X — > 2 D % there exists x E D such that for each i E I, 
Xi E Ti(x). If x G W^j for some i E I, then Xj = /j(x), which is a contradiction. 

Therefore, x ^ Wj, and hence (Aj fl Pj)(x) = 0. Also, for each % E 7, we 
have Xj G T(x), and then Xj GclFj(x). ■ 

In Theorem 15 the sets Xj are non-empty compact convex in locally 
convex spaces Fj. As in Theorem 13, we first obtain equilibria for IV, and 
then, the proof coincides with the proof of Theorem 13. 

Theorem 15. Let T = (Xi, Ai, Pi, P>i) ieI be an abstract economy, where I 
is a (possibly uncountable) set of agents such that for each i E I : 

(1) Xj is a non-empty compact convex set in a locally convex space Fj/ 

(2) clFj is upper semicontinuous with non-empty convex values; 
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(3) the set Wi : = {x E X / (A, fl Pi) (x) ^ 0} is open and there exists 

a 

(ni — 1) -dimensional simplex Ki in X such that Wi Cintx(Xj). 
(3) c\E>i has the (e-WNQS) -property on Ki. 

Then there exists an equilibrium point x G X for T, i.e., for each i E I, 
Xi G Bi(x) and Afx) D Pi(x) = 0. 

Proof. For each iei, let Bj denote the family of all open convex neigh- 
borhoods of zero in Ej.Let V = (Vi) ieI G Yl$i- Since cl-Bj has the e-WNQS 

iei 

property on Ki, it follows that there exists a weakly concave like correspon- 
dence : X ->• 2 X < such that F^(x) C clB^x) + V { and ^ £ ^(x) for 
each x E Ki. 

Ki is a (nj — 1)- dimensional simplex, then, from the selection theorem, 
there exists a continuous function : Ki — >■ Xj such that f^{x) G F^(x) 
for each x E Ki. Because £j ^ F^(x) for each i e ifj, we have that Xj ^ 
f^(x) for each x G Ki. 

Define the correspondence T^ 1 : X — > 2 Xi , by 

T v i( x f {/7 l (X)}, if a; G int x 7Q, 

* 1 ; ' \ cl^x) + V$) nXi, if x G X \ int x 7Q; 

B Vi : X ->■ 2 X % Svi(a;) =cl(/^(x) + V{) nl 8 = (cLB^xj+cl^) n X^ is 
upper semicontinuous by Lemma 2. 

Let C/ be an open subset of Xi, then 
If := {x G X | C 17} 

={x Gmt^X, | ?f (x) cU}U{xe X\int x Ki \ if (x) C_U} 
= {xemt x K t | f?( x ,y)eU}\j{xeX\ {dBi(x) + V^nXiGU} 
={{fiT\U)C\irt K Ki)l}.{x G X | (cl^(x) + VA D X, C U} . 
U' is an open set, because intxTQ is open, f^ is a continuous func- 
tion on Ki and the set {x G X | (cLBj(x) + clV^) H Xj C U} is open since 
(c\Bi(x)+c\Vi) f)Xi is u.s.c. Then T^ 1 is upper semicontinuous on X and has 
closed convex values. 

Define T v : X ->• 2 X by T y (x) := n^f^) for each z e X. 

T F is an upper semicontinuous correspondence and it has also non-empty 
convex closed values. 

Since X is a compact convex set, by Fan's fixed-point theorem [7], there 
exists Xy G X such that xy G T v (xy), i.e., for each i G I, (xy)i G T^(xy). 
If Xy Gint^Xj, (xy)i = f^(xy), which is a contradiction. 
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Hence (x v )i ed(Bi(x v ) + V*) H X { and (A { n Pi){x v ) = 0, i.e. x v G Qv 
where 

Qv = n ieI {x G X : Xi ed(Bi(x) + V$ n X { and (A { n = 0}. 

Since Wi is open, Qv is the intersection of non-empty closed sets, then it 
is non-empty, closed in X. 

We prove that the family {Q v : V G Y\Bi} has the finite intersection 

iei 

property. 

Let {V (1 \ V®, VW} be any finite set of IP* and let = (V; (fc) ) ie j, 

fc = 1, n. For each i G I, let VJ = H vf°, then G 8,; thus V = (K)ie/ G 

fc=i 

n n 

QBj. Clearly Qv C fl QyW so that fl <5y( fc ) 7^ 0. Since X is compact and 
iei ' * fc=1 fc=1 

the family {Qv : V G has the finite intersection property, we have that 

iei 

n{Q v ■ V G ^ 0- Take an y x € ^{Qv ■ V G Yl&i}, then for each i G / 

and each V { G 8j, x { ec\(Bi(x) + V*) n X { and (A, n = 0; but then 

ecl(Bj(x)) from Lemma 1 and (Aj fl Pi)(x) = for each i £ I so that x 
is an equilibrium point of T in X. ■ 
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